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Abstract

How does the training data affect a model’s behavior? This is the question we seek1

to answer with data attribution. The leading practical approaches to data attribution2

are based on influence functions (IF). IFs utilize a first-order Taylor approximation3

to efficiently predict the effect of removing a set of samples from the training set4

without retraining the model, and are used in a wide variety of machine learning5

applications. However, especially in the high-dimensional regime (# params ≥ Ω(#6

samples)), they are often imprecise and tend to underestimate the effect of sample7

removals, even for simple models such as logistic regression. We present rescaled8

influence functions (RIF), a new tool for data attribution which can be used as a9

drop-in replacement for influence functions, with little computational overhead but10

significant improvement in accuracy. We compare IF and RIF on a range of real-11

world datasets, showing that RIFs offer significantly better predictions in practice,12

and present a theoretical analysis explaining this improvement. Finally, we present13

a simple class of data poisoning attacks that would fool IF-based detections but14

would be detected by RIF.15

1 Introduction16

Data attribution aims to explain the behavior of a machine learning model in terms of its training17

data. If θ is a model trained on a dataset {(xi, yi)}i∈[n], the fundamental algorithmic task in data18

attribution is to answer the question:19

Leave-T -Out Effect: How would θ have been different if some subset T ⊆ [n] of20

the training set had been missing?21

The ability to quickly and accurately predict a leave-T -out effect, or to search for subsets producing a22

large leave-out effect, unlocks extensive capabilities from classical statistical inference to modern ma-23

chine learning. For example, the jackknife, leave-k-out cross-validation, and bootstrap are all widely24

used to quantify uncertainty and estimate generalization error or confidence intervals, and all rely on25

the ability to quickly estimate leave-T -out effects [Efr92, GSL+19, Jae72]. Machine learning has seen26

an explosion of applications of data attribution, for dataset curation [KL17, KATL19], explainability27

[KATL19, GBA+23], crafting and detection of data poisoning attacks [EIC+25, KSL22, SS19],28

machine unlearning [SAKS21, GGHVDM19, IASCZ21], credit attribution [JDW+19, GZ19], bias29

detection [BAHAZ19], and more.30

Ascertaining the ground truth leave-T -out effect in general requires a full retrain of a model for each31

T of interest, which is computationally intractable in all but the simplest settings. Consequently,32

approximations to the leave-T -out effect are widely used. Key desiderata for such approximations33

are (1) accuracy, (2) computational efficiency even for large-scale models, and (3) additivity: the34
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predicted effect of removing T should be the sum of predicted effects of removing each element of T35

individually. Additivity enables another important capability: search for the subset T of a given size36

with the greatest predicted effect according to a given metric, by taking the k training data points37

with largest predicted leave-one-out effects [BGM20, IPE+22].38

Influence functions (IF) [Ham74] are by far the most widely used and studied data attribution method.39

The IF is a first-order approximation to the change in model parameters when infinitesimally down-40

weighting an individual sample. IF approximations are well studied in classical, under-parameterized41

settings, where they are typically accurate and enjoy solid theoretical foundations [GSL+19]. But,42

despite widespread adoption for data attribution in high-dimensional/overparameterized models,43

IF’s accuracy in the high-dimensional setting is comparatively poor. Empirical studies show that44

IFs often underestimate the true magnitude of parameter changes, leading to potentially misleading45

conclusions about data importance or model robustness [BPF21, KL17]. And, existing theoretical46

analyses justifying IF approximations break down for overparametrized models. But, thus far, more47

accurate alternatives to IFs have proved too computationally expensive to be practical.48

We introduce a simple and fast-to-compute modification of the influence function, which we term49

the rescaled influence function (RIF). RIFs improve accuracy by incorporating a limited amount of50

higher-order information about the change in model parameters from sample removal, but retain the51

additivity and in many settings also the computational efficiency of IFs. We show via experiments52

and theoretical analysis that RIFs are accurate for data attribution in overparameterized models where53

IFs struggle. Like IFs, RIFs are model and task agnostic, meaning that they can be applied to any54

empirical risk minimization-based training method with smooth losses, and they can estimate the55

leave-T -out effect according to any (smooth) measure of change to model parameters. We therefore56

advocate using RIFs as a drop-in replacement for IFs across data attribution applications.57

Organization In Section 1.1, we introduce RIFs formally. Section 2 presents our experimental58

results, and Section 3 presents our theoretical analysis of RIF. We discuss context and conclusions in59

Sections 4 and 560

1.1 Influence Functions, Newton Steps, and Rescaled Influence Functions61

We now introduce our main contribution, the rescaled influence function, formally. Suppose62

that {(xi, yi)}i∈[n] is a training data set, Θ ⊆ Rd is a class of models, and ℓ(x, y, θ) is a63

twice-differentiable loss function; ℓ may include a regularizer. For simplicity, we imagine that64

ℓ is convex, although the definition of RIFs can be extended to the non-convex case. Let65

θ̂ = argminθ∈Θ

∑
i≤n ℓ(xi, yi, θ) be the empirical loss minimizer (or, in the non-convex setting,66

any local minimum of the empirical loss).67

Influence Functions The influence function IFi ∈ Rd associated to the i-th training sample is a68

first-order estimate of the effect of dropping that sample.1 Introducing a weight wi ∈ [0, 1] associated69

to each sample i and allowing θ̂ to depend on w via θ̂(w) = argminθ∈Θ

∑
i≤n wi · ℓ(xi, yi, θ),70

IFi = −
[

d

dwi
· θ̂(w)

] ∣∣∣
w=1

= H−1 · ∇ℓ(xi, yi, θ̂) .

Here, H is the Hessian of
∑

i≤n ℓ(xi, yi, θ) evaluated at θ̂ (see e.g., [RHRS86] for a derivation). For71

T ⊆ [n], the IF estimate of the leave-T -out model is72

θ̂IF,T = θ̂ +
∑
i∈T

IFi .

We can obtain all the single-sample IF estimates IFi at the cost of a single Hessian inversion and n73

gradient computations, which then suffice to obtain θ̂IF,T for any T via additivity.74

Newton Steps IFs are additive and efficiently computable, but their accuracy suffers when n and75

d are comparable, or, worse still, if d significantly exceeds n as in the overparameterized setting76

1Some treatments replace dropping with up-weighting, with a resulting difference of sign compared to our
convention.
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([KATL19]; see also Section 2). A much more accurate approximation to the leave-T -out effect is77

given by taking a single Newton step (NS) to optimize the leave-T -out loss
∑

i/∈T ℓ(xi, yi, θ), starting78

from θ̂. The NS approximation to the leave-T -out effect is given by79

θ̂NS,T = θ̂ −H−1
[n]\T

(∑
i/∈T

∇ℓ(xi, yi, θ̂)

)
= θ̂ +H−1

[n]\T

(∑
i∈T

∇ℓ(xi, yi, θ̂)

)
.

Here, H[n]\T is the Hessian of the leave-T -out loss, evaluated at θ̂, and the second equality follows80

from the fact that θ is a local optimum of ℓ.81

As early as 1981, Pregibon [Pre81] observes in the context of leave-one-out estimation for logistic82

regression that the Newton step approximation is remarkably accurate. At a high level this is because,83

unlike the IF approximation, the NS approximation takes into account the change to the Hessian84

from removing the samples in T . For convex losses, the true leave-T -out effect can often be obtained85

by Newton iteration – taking multiple Newton steps initialized with θ̂. The only differences we86

expect to see between the one-step NS approximation and the result of Newton iteration would arise87

because the Hessian may change from their values at θ̂. Thus, for problems with Lipschitz Hessians,88

we expect NS to be a very accurate approximation to the true leave-T -out effect; [KATL19] offers89

experimental validation of this idea for leave-k-out estimation in logistic regression and offers some90

formal justification.91

Rescaled Influence Functions The accuracy of the NS approximation comes at significant cost,92

since each fresh T requires a Hessian inversion, and additivity is lost. The RIF recovers additivity and93

much of the computational efficiency of IF, but retains much of the accuracy of the NS approximation.94

For sample i ∈ [n], let RIFi be the NS approximation to the leave-i-out effect, given by RIFi =95

H−1
[n]\{i} · ∇ℓi(xi, yi, θ̂). Then for T ⊆ [n], we define the RIF approximation to the leave-T -out96

effect to be97

θ̂RIF,T = θ̂ +
∑
i∈T

RIFi .

RIF is additive by definition.98

The computational overhead of RIF compared to IF depends in general on the cost of computing99

the n leave-one-out Hessian inversions – once these are obtained, no fresh Hessian inversion is100

needed to compute θ̂RIF,T for any T . RIF is especially attractive in generalized linear models,101

where RIFi can be obtained from IFi by multiplying by a rescale factor (1 − hi)
−1, where hi is102

a (generalized) leverage score associated to the i-th sample, which can be computed via a single103

matrix-vector product with H−1. Thus, for generalized linear models, no additional Hessian inversion104

is needed. For example, in logistic regression, the formula for RIFi uses the rescaling (1− hi)
−1,105

where hi = ŷi(1− ŷi) · x⊤
i H

−1xi; here ŷi ∈ [0, 1] is the logistic predicted label of the i-th sample106

according to θ.107

Beyond generalized linear models, whenever each sample makes a low-rank contribution the Hessian,108

the n leave-one-out Hessian inversions can be computed quickly via the Sherman-Morrison/Woodbury109

formula. In all of our experiments, the running time overhead to compute RIF compared to IF is110

negligible.111

In underparameterized settings, it is reasonable to expect that removing a single sample has a112

negligible effect on the Hessian, and so IFi ≈ RIFi. But for high-dimensional or overparameterized113

models, a single sample removal can have a significant effect on the Hessian. Our experiments and114

theory demonstrate the significant accuracy improvement of RIF compared to IF in high-dimensional115

and overparameterized models.116

2 Empirical Results117

We now present empirical findings on the accuracy of RIF estimates for leave-T -out effects. Our118

experimental setup is inspired by the seminal work of [KL17, KATL19], who assess the accuracy of119

influence function estimates using logistic regression as a testbed.120
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Figure 1: Accuracy of IF versus RIF compared across datasets from image classification (DogFish,
Cat vs Dog, Truck vs Automobile), natural language (Spam vs Ham), and audio (ESC-50). In each
dataset, we study a binary classification task solved via logistic regression with frozen-embedding
features. Each point represents a single choice of subset T . The horizontal axis represents ground
truth leave-T -out effect as measured by changes to test predictions, test losses, and self-loss, computed
via refitting the logistic model. The vertical axis represents the prediction of this effect made by
IF/RIF/NS. A perfectly accurate prediction falls along the black diagonal line. In essentially every
case, the RIF prediction falls nicely along this “ground truth” line, agreeing with the NS prediction,
while IF typically underestimates the leave-T -out effect.

We compare IF, NS, and RIF estimates across the first five datasets in Table 1, spanning vision, NLP,121

and audio classification tasks. Each dataset is processed using a domain-specific embedding, and122

we train a logistic regression model to solve a binary classification task on the embedded data. We123

compare the actual vs predicted effect of removing a given set of samples T from the training set,124

while varying:125

• Sample-removal strategy: Following [KATL19], we evaluate both random subsets and126

more structured sets of training points, selected using heuristics such as clustering by a127

random feature or by Euclidean distance in feature space.128

• Accuracy metric: As in [KATL19], we assess accuracy by comparing predicted and actual129

changes in three scalar quantities when a set T is removed: (1) the total predicted probability130

for a target class over a subset of test samples, (2) the total test loss on this subset, and (3)131

the loss on the training set including the removed samples (“self-loss”). The test subset is132

selected to include a balanced mix of high-loss and randomly chosen test points.133

• Size of removed subset: We consider values of |T | ranging from 0.1% to 5% of the training134

set.135

We illustrate our main findings in Figure 1. Across every dataset, fraction of sample removals, and136

accuracy metric, we find that RIF significantly outperforms IF. For more details on our experimental137

setup, see the supplemental material.138

Tradeoff: Dimension and Regularization As the number of samples n decreases compared to the139

model dimension d, we expect the higher-order effect captured by RIF to be stronger. Figure 2 shows140

this tradeoff, comparing the IF and RIF accuracy while varying the ratio of n and d by sub-sampling141

a fixed dataset. A similar tradeoff appears when we add an L2 regularization term of 1
2λ∥θ∥

2 to the142
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Name d n TestAccuracy Description

ESC-50 512 1600 83.0% ESC-50 dataset embedded using OpenL3; “artifi-
cial” vs “natural” classification [Pic15, CWSB19]

CatDog 2048 9600 80.9% ResNet-50 embeddings of CIFAR-10 cat and dog
classes [Kri09, Tor16]

AutoTruck 2048 9600 92.7% ResNet-50 embeddings of CIFAR-10 truck and au-
tomobile classes [Kri09, Tor16]

DogFish 2048 1800 98.3% Inception v3 embeddings of dog and fish images
from ImageNet [SVI+16, RDS+15]

Enron 3294 4137 96.1% Bag-of-words embeddings of the standard spam vs
ham dataset [KATL19, MAP06]

IMDB 512 40000 87.7% BERT embeddings of the IMDB sentiment
dataset [MDP+11, DCLT19]

Table 1: Summary of datasets used in our experiments. Each dataset involves a binary classification
task which we solve using a regularized logistic regression with mild L2 regularization. We include
both datasets used in the [KATL19] benchmark (DogFish and Enron), as well as several new datasets
spanning a wide range of domains, including vision, natural language processing and audio. For
more details about these datasets, see supplementary material.

loss for different values of λ > 0. Increasing λ dampens the higher-order effects captured by RIF –143

in the limit λ → ∞ the Hessian does not vary as samples are removed. In Figure 2 we illustrate this144

tradeoff by varying λ for a fixed dataset (DogFish), observing that IF and RIF agree for large λ but145

not for small λ.146
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Figure 2: First row: accuracy of IF versus RIF compared across differing ratios of n and d, for the
IMDB dataset, subsampled randomly to obtain datasets of varying sizes. IF and RIF are similar
when n ≫ d, but as n decreases, RIF remains accurate while IF degrades. Second row: A similar
comparison for the overparameterized DogFish dataset, where we vary the regularization strength λ.
IF becomes accurate only under strong regularization, while RIF remains robust across settings. In
all plots, we compare the predicted versus actual values of the self-loss metric. Blue points show the
RIF estimate, green points the IF estimate, and cyan points the Newton step. Point shapes indicate
different strategies for selecting training samples to remove, as in Figure 1.

Detecting Data Poisonings with RIF One common use of additive data attributions such as147

influence functions is to detect potential outliers contaminating a dataset [KL17, BGM20, RH25,148

KLM+23]. We conduct a simple experiment to demonstrate the advantages of RIF over IF for this149

task. We take a binary image classification problem (Truck vs Automobile), add an incorrectly-labeled150

test sample to the training set, and train a logistic regression model on the resulting poisoned dataset.151

We then compare the accuracy of IF and RIF estimates of the effect that removing the poisoned152
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Figure 3: On the right we plot the actual vs predicted effect on a test samples logits from removing a
“poisoned” sample from the train set using both IF and RIF. On the left we show the poisoned image
corresponding to the leftmost point in the plot – an image of an automobile mislabeled as "Truck".
RIF predictions (blue) align much more closely with the actual effects, while IF predictions (green)
tend to underestimate these effects.

sample would have on the model’s prediction for that test sample. RIF significantly outperforms IF.153

See Figure 3.154

3 Theoretical Results155

We turn to a theoretical explanation of the effectiveness of RIF to estimate leave-T -out effects in high156

dimensions. Prior work [KATL19] shows that under reasonable assumptions, the NS approximation157

provides a very accurate approximation of the true leave-T -out effect; this is also easily visible in the158

experiments we reproduced above. Importantly, the NS approximation remains accurate even when159

the IF estimate is poor. Motivated by this, we focus our analysis on the gap between our RIF estimate160

and the NS estimate. This leads to a comparatively simple theorem statement, avoiding too many161

assumptions.162

Our setting is as follows. We assume that a model is trained via minimization of a convex empirical163

risk of the form:164

θ̂ = arg min
θ∈Rd

n∑
i=1

ℓi(θ) .

We think of each ℓi as a per-sample loss from the i-th sample in an underlying training set, although165

we do not actually need to assume such a training set underlies the optimization problem. Let166

gi := ∇ℓi(θ̂) and Hi := ∇2ℓi(θ̂) denote the gradient and Hessian of the ith sample at the solution167

θ̂, and define the total Hessian H :=
∑n

i=1 Hi.168

We make the following set of assumptions on the loss functions. Most of the assumptions are169

parameterized quantitatively, and our final theorem bounding the quality of the RIF approximation170

depends on these parameters. Crucially, these assumptions allow for n ≈ d (or even n ≪ d, if171

regularization is added), so that our main theorem captures how RIF remains accurate for high-172

dimensional barely-underparameterized or even overparameterized models. We discuss after our173

main theorem statement how to interpret these assumptions quantitatively.174

Assumption 1 (Positive Semidefiniteness/Convexity). We assume that each Hi is positive semidefi-175

nite, or equivalently, that ℓi is convex.176

The next two assumptions are the key quantitative ones. We offer some discussion now and more177

after we state our main theorem.178

6



Assumption 2 (No Single-Sample Gradient or Hessian Too Large). For all i ∈ {1, . . . , n}, we179

assume180 ∥∥∥H−1/2gi

∥∥∥
2
≤ Cℓ and

∥∥∥H−1/2HiH
−1/2

∥∥∥
op

≤ 1− 1

CR
,

for some Cℓ, CR > 0. Here ∥·∥op is the operator norm/maximum singular value.181

The second clause of Assumption 2 can be rewritten as Hi ⪯ CR(1 − C−1
R )

∑
j ̸=i H

⊤
j . This just182

captures that no single-sample Hessian Hi is too much larger in any direction than the sum of all the183

others. This is the key condition allowing for large dimension d: even if n ≈ d, this condition can be184

satisfied (and indeed will be satisfied for, e.g., random low-rank Hi) without taking CR = ω(1).185

Assumption 3 (Cross-Sample Incoherence). For some ε, δ > 0, and for all i ̸= j,186 ∥∥∥H1/2
i H−1H

1/2
j

∥∥∥
op

≤ δ and
∥∥∥H1/2

i H−1gj

∥∥∥
2
≤ ε.187

We expect ε, δ to be small because in high dimensions gradients and Hessians of distinct samples are188

likely to point in close-to-orthogonal directions. We carry this intuition out in more detail below.189

Ultimately, we use IF/RIF/NS to estimate the change to f(θ̂) for some evaluation function f . For190

instance, in our experiments, f is typically test loss or a test prediction. To show that the RIF and NS191

estimates are close, we require our evaluation function f to have bounded gradients:192

Assumption 4 (Evaluation Gradient Projection Control). Let ∇f(θ) denote the gradient of an193

evaluation function f : Rd → R. For all i, define ηi :=
∥∥∥H1/2

i H−1∇f(θ̂)
∥∥∥
2
.194

Let w ∈ [0, 1]n be a weight change vector. We study the NS and RIF approximations to the optimum195

of the weighted loss
∑

i≤n wiℓi(θ). (So, to capture leave-T -out, we set wi = 1 for i ∈ T and196

otherwise wi = 0.) We define θ̂RIF,w and θ̂NS,w analogously to θ̂RIF,T , θ̂NS,T , respectively. We are197

now ready to state our main theorem:198

Theorem 3.1 (Accuracy of Rescaled Influence Function). Under Assumptions 1–4, for any k ≤ 1
2δCR

,199

|⟨∇f(θ̂), θ̂NS,w − θ̂RIF,w⟩| ≤ k2η (1 + 2CR) (ε+ CRCℓδ)

The proof of Theorem 3.1 proceeds via a matrix-perturbation analysis which shows that the Hes-200

sian inversion in the NS approximation can itself be approximated well without considering the201

contributions to the inverse from ∇2ℓi’s interaction with ∇2ℓj when i ̸= j. We defer the proof to202

supplemental material, and focus instead on interpreting Theorem 3.1, to illustrate how it captures203

the improvement of RIF compared to IF.204

Interpreting Assumptions and Theorem 3.1 Prior works [GSL+19, KATL19] prove similar-in-205

spirit results to Theorem 3.1, but concerning IF rather than RIF. A direct comparison of Theorem 3.1206

to those results in prior work is challenging, as each result is derived under different assumptions. So,207

to better understand the practical significance of our bounds compared to those in prior work, and see208

why they capture the accuracy of RIF for overparameterized models, we analyze their asymptotic209

behavior in a simplified setting. Since this is for illustration purposes only, we keep the analysis210

informal.211

Consider linear regression with square loss (ordinary least squares), where the data vectors are drawn212

i.i.d. from a standard Gaussian distribution, xi ∼ N (0, I). In this case, we know that:213

• Each individual Hessian contribution Hi = xix
⊤
i is low rank with rk (Hi) = 1 and214

∥Hi∥op = O(d),215

• The total Hessian is approximately isotropic: H ≈ nI,216

• Gradient vectors are bounded in norm: ∥gi∥2 ≈
√
d.217

We can apply the heuristic that random vectors u, v ∈ Rd are likely to have |⟨u, v⟩| ≈ ∥u∥∥v∥/
√
d,218

and so long as n ≥ (1 + Ω(1))d, we expect the key variables in Theorem 3.1 to scale as:219

• Cℓ := maxi∈[n]

∥∥H−1/2gi

∥∥
2
≈

√
d√
n
= O(1),220
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• CR := maxi∈[n]
1

1−∥H−1/2HiH−1/2∥
op

≈ n
n−d = O(1),221

• δ := maxi ̸=j

∥∥∥H1/2
i H−1H

1/2
j

∥∥∥
op

= Õ
(√

d
n

)
,222

• ε := maxi̸=j

∥∥∥H1/2
i H−1gj

∥∥∥
2
= Õ

(√
d

n

)
,223

• η := maxi∈[n]

∥∥∥H1/2
i H−1∇θf

∥∥∥
2
= maxi∈[n]

∣∣x⊺
i H

−1∇θf
∣∣ = Õ

(
∥∇θf∥2

n

)
.224

Under these conditions, Theorem 3.1 guarantees that for any set of at most k ≤ kthreshold = Ω̃
(

n√
d

)
225

removed samples, the discrepancy between the RIF and Newton step estimates is bounded by:226

|⟨∇f(θ̂), θ̂NS,w − θ̂RIF,w⟩| ≤ k2η (1 + 2CR) (ε+ CRCℓδ) = Õ

(
k2

√
d ∥∇θf∥2
n2

)
.

The scaling rate n−2 in the denominator matches what we expect for influence functions, as estab-227

lished in [GSL+19]. But influence function approximations incur significantly worse dimension228

dependence in the numerator, meaning that n must be much larger than d (indeed, quadratic in229

d or even larger) to obtain nontrivial guarantees. For comparison, in supplemental material, we230

analyze the bounds proved by [GSL+19, KATL19] for influence functions to the same random-design231

ordinary-least-squares setting and show that they guarantee influence function accuracy only for much232

larger n or smaller d. For example, the bounds of [GSL+19] are only applicable for k ≤ Õ
(

n
d2

)
, and233

yield an error bound that scales as Õ
(

k2d4∥∇θf∥2

n2

)
.234

Finally, to assess the tightness of our result relative to the RIF magnitude itself, we note that under235

the same random-design least-squares setup and the same heuristics about inner products of high-236

dimensional random vectors, the RIF estimate for the removal of the top-k most influential samples237

scales as238

max
{
|⟨∇f(θ̂), θ̂RIF,w⟩| : ∥w∥1 = k

}
= Ω

(
k ∥∇θf∥2

n

)
.

Hence, the ratio of the RIF estimate ("signal") to the RIF–NS error ("noise") is239

SNR :=
max

{
|⟨∇f(θ̂), θ̂RIF,w⟩| : ∥w∥1 = k

}
max

{
|⟨∇f(θ̂), θ̂NS,w − θ̂RIF,w⟩| : ∥w∥1 = k

} = Ω̃

(
n

k
√
d

)
.

This implies that RIF provides a good relative-error approximation to NS even in high dimensions,240

provided k ≪ n√
d

.241

4 Related Work242

Influence functions were introduced by Hampel in the context of robust statistics [Ham74], and in243

the context of estimation of standard errors via the infinitesimal jackknife by Jaeckel [Jae72], with244

a broad ensuing literature in statistics; see e.g., [Law86, GSL+19]. Recent work in econometrics245

[BGM20] uses influence functions to uncover robustness issues in large empirical studies.246

The seminal work [KL17] introduced the modern use of influence functions to study the rela-247

tionship between training data and model behavior in modern machine learning. Ensuing works248

[BNL+22, BPF21, GBA+23, FZ20] study influence functions for neural networks, and use them249

as a tool to study and interpret model behavior. [GJB19, BYF20] propose second and higher-order250

approximations to leave-one-out and leave-T -out effects, but these approximations sacrifice linearity251

and efficiency. Many applications of influence functions have appeared recently, e.g., machine252

unlearning [GGHVDM19, SAKS21, SW22], data valuation [JDW+19], robustness quantification253

[SS19], and fairness [LL22]. To scale influence functions up to very large models and datasets, where254

Hessian inversion becomes infeasible, several works develop sketching/random projection techniques255

to approximate influence functions, e.g., [WCZ+16, PGI+23, SZVS22].256
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Newton-step approximations to the leave-1-out error have been studied since at least 1981 [Pre81].257

Cross-validation is an especially important application [RM18, WKM20]. Even though Newton-258

step approximations are long-studied, to the best of our knowledge, the idea behind RIF – adding259

leave-1-out Newton step approximations to get a leave-T -out approximation – is novel.260

Data attribution – tracing model behavior back to subsets of training data – has become a major261

industry in machine learning; see the recent survey [HL24] and extensive citations therein, as well as262

the NeurIPS 2024 workshop [NMI+24] and ICML 2024 tutorial [MIE+24].263

5 Discussion and Conclusion264

IFs and Importance-Ordering: Revisiting the Common Wisdom Common wisdom regarding265

IF approximations to leave-T -out effects for high-dimensional models holds that the approximations266

typically underestimate the true leave-T -out effect, but that there is a strong correlation between267

the influence-function approximation to the leave-T -out effects and the true leave-T -out effects,268

especially measured in terms of the ordering of subsets based on their predicted/actual leave-T -out269

effect. The seminal [KATL19] even phrases this as an outstanding open question, writing that their270

work “opens up the intriguing question of why we observe [correlation and underestimation] across a271

wide range of empirical settings”.272

Our work sheds significant light on this question. First of all, it explains why we see such correlation273

in a great many cases – if most samples have a similar “rescale factor” relating IF and RIF (which we274

would expect to happen for e.g., random data), this induces a linear relationship between RIF and IF275

estimates. Since RIF is an excellent approximation to the true leave-T -out effect, this explains the276

correlation between IF and the ground truth, and explains why IF typically underestimates the truth –277

the rescale factors are always larger than 1.278

[KATL19] also note that this IF/ground-truth correlation phenomenon need not be universal, and279

indeed we observe several experiments where it does not hold. For instance, in the first row of280

Figure 1, in the Cat vs Dog dataset, we see a dramatically non-linear and even non-monotone281

relationship between IF and ground truth, since different subset-selection strategies yield very282

different relationships between IF and ground truth. Even the ordering of subsets by IF-predicted283

effect is not accurate in this example, but RIF remains accurate.284

Limitations Although much more accurate than IFs, RIFs are still imperfect predictors of ground-285

truth – see e.g., the ESC-50 dataset in Figure 1 or the rightmost variants of the IMBD dataset286

in Figure 2. We expect high-dimensional logistic regression to be a good “model organism” for287

high-dimensional machine learning, so our experiments are limited to that setting. RIF also still288

requires inverting the Hessian; as discussed in related work for very large-scale models this can be289

computationally infeasible, and approximate techniques are required. While we show that RIFs are290

preferable to IFs for detecting certain simple data-poisoning attacks, we do not expect that RIFs are a291

secure general defense against data poisoning.292

Conclusion We show that RIFs are an appealing drop-in replacement for IFs, with little compu-293

tational overhead in generalized linear models (or whenever individual training samples contribute294

low-rank terms to the Hessian), but dramatically improved accuracy. Both experiments and theory295

support this conclusion. Furthermore, the fact that RIFs and IFs differ by a per-sample scaling factor296

helps to resolve an open question from prior work, showing that the correlation between IF and297

ground truth leave-T -out occurs when the per-sample scalings all (approximately) agree.298

Compute Resources299

All experiments were conducted on a server equipped with 64GB RAM, 2 IBM POWER9 CPU cores,300

and 4 NVIDIA Tesla V100 SXM2 GPUs (each with 32GB memory). Compute resources were not301

a bottleneck for our work. The total wall-clock time for all experiments reported in the paper was302

under 100 hours.303
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A Proof of Theorem 3.1462

Recall our main theoretical result from Section 3:463

Theorem A.1 (Theorem 3.1 (restated)). Under Assumptions 1–4, for any k ≤ 1
2δCR

,464

|⟨∇f(θ̂), θ̂NS,w − θ̂RIF,w⟩| ≤ k2η (1 + 2CR) (ε+ CRCℓδ)

Before delving into the proof of Theorem 3.1, we introduce a useful technical lemma:465

Lemma A.2. Let A1, . . . ,Ak ∈ Rd×d and let H ∈ Rd×d be positive semidefinite. Suppose:466

•
∥∥H−1/2AiH

−1/2
∥∥
op

≤ σ for all i,467

•
∥∥√AiH

−1
√
Aj

∥∥
op

≤ δij for all i ̸= j.468

Then,469 ∥∥∥∥∥
k∑

i=1

H−1/2AiH
−1/2

∥∥∥∥∥
op

≤ σ +

√∑
i ̸=j

δ2ij .

Proof of Theorem 3.1. We begin by analyzing the difference between the Newton step and the470

rescaled influence function (RIF) approximation.471

Recall that the Newton step is defined as:472

Newton Step = (∇f)
⊤

H−
n∑

j=1

wjHj

−1
n∑

i=1

wigi,

where each gi ∈ Rd is the ith gradient component, and Hi is the ith contribution to the Hessian.473

Define the weighted Hessian:474

Hw := H−
n∑

j=1

wjHj .

For each i ∈ {1, . . . , n}, define w(i) := w · 1{i} to isolate the i-th coordinate. The RIF estimator is475

given by:476

RIFi =

n∑
i=1

(∇f)
⊤
H−1

w(i)wigi .

Our goal is to bound the difference between the Newton step and RIF estimators and we do this by477

bounding the contribution of each individual sample. That is, for each i ∈ [n], we will try to bound478

(∇f)
⊤ (

H−1
w −H−1

w(i)

)
gi .

To do so, we begin by expressing each matrix in terms of H and its perturbations. Observe:479

Hw = H1/2 (I −Gw)H1/2, where Gw :=
∑
j

H−1/2wjHjH
−1/2.

Moreover, we define R := (I −Gw(i))
−1, where Gw(i) = H−1/2wiHiH

−1/2. We have480

Hw(i) = H1/2 (I −Gw(i))H1/2.

Using the matrix identity:481

(A−B)
−1

= A−1 + (A−B)
−1

BA−1,

with A = Hw(i) , B = Hw(i) −Hw, we obtain:482

H−1
w = H−1

w(i) +H−1
w (Hw(i) −Hw)H−1

w(i) .
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We now expand the correction term on the right-hand side further by applying the same identity again,483

this time expanding Hw = H− (H−Hw),484

H−1
w (Hw(i) −Hw)H−1

w(i) = H−1 (Hw(i) −Hw)H−1
w(i)+H−1 (H−Hw)H−1

w (Hw(i) −Hw)H−1
w(i) ,

where the second term reflects higher-order correction contributions due to recursive matrix inversion.485

To bound the full error486

(∇f)
⊤ (

H−1
w −H−1

w(i)

)
gi =(∇f)

⊤
H−1 (Hw(i) −Hw)H−1

w(i)gi+

+ (∇f)
⊤
H−1 (H−Hw)H−1

w (Hw(i) −Hw)H−1
w(i)gi .

It suffices to control the size of each of these terms separately. In other words, we will proceed to487

bound:488

1. The first order correction (∇f)
⊤
H−1 (Hw(i) −Hw)H−1

w(i)gi,489

2. The higher order terms(∇f)
⊤
H−1 (H−Hw)H−1

w (Hw(i) −Hw)H−1
w(i)gi.490

Bounding the First Order Correction491

To bound the first order correction, we use the same formula above to split H−1
w(i) into a leading term492

and higher order terms. The goal of this separation is to show that this update to the Hessian does not493

rotate too much of the weight of gi onto the eigenspace of Hj for any j ̸= i494

We have H−1
w(i) = H−1 +H−1wiHiH

−1
w(i) .495

Therefore, for any j ̸= i,496 ∥∥∥H1/2
j H−1

w(i)gi

∥∥∥
2
≤
∥∥∥H1/2

j H−1gi

∥∥∥
2︸ ︷︷ ︸

≤ε

+
∥∥∥wiH

1/2
j H−1HiH

−1/2RH−1/2gi

∥∥∥
2︸ ︷︷ ︸

≤|wi|δCRCℓ≤δCRCℓ

≤ ε+ δCRCℓ

Therefore, this first order correction is at most497 ∑
j ̸=i

wj∇f⊺H−1HjH
−1
w(i)gi ≤

∑
j ̸=i

wj

∥∥∥∇f⊺H−1H
1/2
j

∥∥∥
2︸ ︷︷ ︸

≤η

∥∥∥H1/2
j H−1

w(i)gi

∥∥∥
2︸ ︷︷ ︸

≤ε+CRCℓδ

≤ kη (ε+ CRCℓδ)

Bounding the Higher Order Corrections498

We next bound the second (higher-order) term using the Cauchy-Schwarz inequality.499 ∣∣∣(∇f)
⊤
H−1 (H−Hw)H−1

w (Hw(i) −Hw)H−1
w(i)gi

∣∣∣ ≤
≤
∥∥∥(∇f)

⊤
H−1 (H−Hw)H−1/2

∥∥∥
2
×
∥∥∥(I−Gw)

−1
∥∥∥
op

×
∥∥∥H−1/2 (Hw(i) −Hw)H−1

w(i)gi

∥∥∥
2

We will bound each of these terms independently.500

The right-most multiplicand is bounded using the analysis of the first order term501 ∥∥∥H−1/2 (Hw(i) −Hw)H−1
w(i)gi

∥∥∥
2
≤
∑
j ̸=i

∥∥∥H−1/2wjH
1/2
j H

1/2
j H−1

w(i)gi

∥∥∥
2
≤

≤
∑
j ̸=i

∥∥∥wjH
1/2
j H−1

w(i)gi

∥∥∥
2
≤ k (ε+ CRCℓδ)

From the triangle inequality,502 ∥∥∥∥∥∥
∑
j ̸=i

∇f⊤H−1HjH
−1/2

∥∥∥∥∥∥ ≤
∑
j ̸=i

|wj | ·
∥∥∥∇f⊤H−1H

1/2
j

∥∥∥ · ∥∥∥H1/2
j H−1/2

∥∥∥
op

.
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Using the assumption
∥∥H−1/2HjH

−1/2
∥∥
op

≤ 1, it follows that503 ∥∥∥H1/2
j H−1/2

∥∥∥
op

≤ 1,

and from Assumption 5, we also have504 ∥∥∥∇f⊤H−1H
1/2
j

∥∥∥ ≤ η.

Therefore,505 ∥∥∥∥∥∥
∑
j ̸=i

∇f⊤H−1HjH
−1/2

∥∥∥∥∥∥ ≤ η
∑
j ̸=i

|wj | ≤ η ∥w∥1 = ηk.

Next, define Aj = wjH
−1/2HjH

−1/2. Then for all j,506 ∥∥∥H−1/2AjH
−1/2

∥∥∥
op

= |wj | ·
∥∥∥H−1/2HjH

−1/2
∥∥∥
op

≤ 1− 1

CR
,

since ∥w∥∞ ≤ 1 and by Assumption 2
∥∥H−1/2HjH

−1/2
∥∥
op

≤ 1− 1
CR

.507

Moreover, for all i ̸= j, we have508 ∥∥∥√AiH
−1
√
Aj

∥∥∥
op

≤
√

|wi| ·
√
|wj | · δij .

So,509 ∑
i ̸=j

∥∥∥√AiH
−1
√
Aj

∥∥∥2
op

≤
∑
i̸=j

|wi||wj |δ2ij ≤ (∥w∥1)
2 · δ2 = k2δ2.

Applying Lemma A.2 to the collection {Aj}, we conclude that510

∥Gw∥op ≤ 1− 1

CR
+ kδ.

For any k < 1
2δCR

, it follows that I −Gw is PSD and ∥Gw∥op < 1, so we have511 ∥∥∥(I −Gw)
−1
∥∥∥
op

≤ 1
1

CR
− kδ

≤ 2CR .

Summary:512

So far, we have show that for all i ∈ [n],513 ∣∣∣(∇f)
⊤ (

H−1
w −H−1

w(i)

)
gi

∣∣∣ ≤ ηk (ε+ CRCℓδ) + ηk × 2CR × (ε+ CRCℓδ) .

Therefore,514

|Newton Step − RIF| =

∣∣∣∣∣
n∑

i=1

wi (∇f)
⊤ (

H−1
w −H−1

w(i)

)
gi

∣∣∣∣∣ ≤ k2η (1 + 2CR) (ε+ CRCℓδ)

515

Proof of Lemma A.2. We define the linear operator C : Rk×k×d×d → Rd×d to be516

C(M) :=
∑
i,j

H−1/2
√
Ai Mij

√
AjH

−1/2,

where M ∈ Rk×k×d×d is a rank-4 tensor with Mij ∈ Rd×d.517

For tensors M, N, define their contraction:518

C(M)C(N) = C(L), where Lij =
∑
q,r

Miq ·
√
AqH

−1
√

Ar ·Nrj .
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Define Σ : Rk×k×d×d → Rk×k as Σ(M)ij := ∥Mij∥op, and define ∆ ∈ Rk×k with entries519

∆ij =
∥∥√AiH

−1
√
Aj

∥∥
op

. Then by the triangle inequality and submultiplicativity of the operator520

norm, we have the point-wise inequality521

Σ(L) ≤ Σ(M) ·∆ · Σ(N).

Applying this iteratively for a sequence M1, . . . ,Mℓ, we obtain:522

Σ(N) ≤ Σ(M1) ·∆ · Σ(M2) ·∆ · · ·∆ · Σ(Mℓ).

Now consider the identity tensor M with Mii = Id and Mij = 0 for i ̸= j. Then:523

C(M) =
∑
i

H−1/2
√

AiId
√
AiH

−1/2 =
∑
i

H−1/2AiH
−1/2.

Let C := C(M). Then:524

Cℓ = C(M)ℓ = C(N), with Σ(N) ≤ ∆ℓ.

By triangle inequality and bounding each tensor entry:525 ∥∥Cℓ
∥∥
op

≤ k2d2 ·max
i

∥∥∥H−1/2A
1/2
i

∥∥∥2
op

·
∥∥∆ℓ

∥∥
op

≤ k2d2σ · ∥∆∥ℓop .

Taking ℓ-th roots:526

∥C∥op ≤ (k2d2σ)1/ℓ · ∥∆∥op .

Letting ℓ → ∞, the prefactor tends to 1, giving:527 ∥∥∥∥∥∑
i

H−1/2AiH
−1/2

∥∥∥∥∥
op

≤ ∥∆∥op .

Now bound ∥∆∥op. Each diagonal entry ∆ii =
∥∥√AiH

−1
√
Ai

∥∥
op

=
∥∥H−1/2AiH

−1/2
∥∥
op

≤ σ.528

Thus,529

∆ = D +R, with D = diag(
∥∥∥H−1/2A1H

−1/2
∥∥∥
op

, . . .), ∥D∥op ≤ σ.

Then:530

∥∆∥op ≤ ∥D∥op + ∥R∥op ≤ σ + ∥R∥F ,

where R is the off-diagonal part of ∆ and ∥R∥2F =
∑

i̸=j δ
2
ij .531

Hence:532 ∥∥∥∥∥
k∑

i=1

H−1/2AiH
−1/2

∥∥∥∥∥
op

≤ σ +

√∑
i ̸=j

δ2ij .

533

B Asymptotic Analyses of the Bounds of [KATL19] and [GSL+19]534

B.1 Analysis of [KATL19]535

Koh et al. [KATL19] present two main theoretical results. The first bounds the difference between a536

single Newton step and a full retrain, and the second bounds the difference between the Newton step537

and the influence function estimate. We focus on the latter, since that is more directly comparable to538

the guarantees of Theorem 3.1. To facilitate a direct comparison, we restate their Proposition 2 with539

all assumptions made explicit below.540
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Proposition B.1 (Proposition 2 of [KATL19], rephrased). Assume the evaluation function f(θ) is541

Cf -Lipschitz, the Hessian ∇2
θℓ(x, y, θ) is CH -Lipschitz, and the third derivative of f(θ) exists and542

is bounded in norm by Cf,3. Let σmin and σmax be the smallest and largest eigenvalues of H1,543

respectively, and define544

Cℓ ≜ max
1≤i≤n

∥∥∥∇θℓ(xi, yi; θ̂(1))
∥∥∥
2
.

Then the Newton-influence error ErrNt-inf(w) is545

ErrNt-inf(w) = ∇θf(θ̂(1))
⊤H

−1/2
λ,1 D(w)H

−1/2
λ,1 g(w)+

1

2
∆θNt(w)

⊤∇2
θf(θ̂(1))∆θNt(w) + Errf,3(w)︸ ︷︷ ︸

Error from the curvature of f(·)

,

where546

D(w)
def
=
(
I −H

−1/2
λ,1 H1(w)H

−1/2
λ,1

)−1

− I, and H1(w)
def
=

n∑
i=1

wi∇2
θℓ(xi, yi; θ̂(1)).

The matrix D(w) has eigenvalues between 0 and σmax/λ. The residual term Errf,3(w) captures the547

error due to third-order derivatives and is bounded by548

|Errf,3(w)| ≤ ∥w∥31Cf,3C
3
ℓ /
(
6(σmin + λ)3

)
.

To compare this guarantee with Theorem 3.1, which bounds the inner product between the data549

attribution error and ∇f , we focus on the first term in the bound from Proposition B.1. This term550

quantifies the error in estimating the linear evaluation function f using influence functions.551

Recall that in the simple linear regression setting we define for our simplified asymptotic analysis,552

we have H ≈ nI, and this is also the case with Hλ,1. Using the bound D(w) ⪯ σmax

λ I from553

Proposition B.1, the Cauchy–Schwarz inequality gives:554 ∣∣∣∇θf(θ̂(1))
⊤H

−1/2
λ,1 D(w)H

−1/2
λ,1 g(w)

∣∣∣ ≲ σmax

nλ

∥∥∥∇θf(θ̂(1))
∥∥∥
2
∥g(w)∥2 .

The scaling of σmax/λ depends on the regime. Under strong regularization (e.g., bottom-right of555

Figure 2), it may be O(1). However, as Koh et al. observe, this rarely happens in practice, suggesting556

that it would be more reasonable to assume that σmax/λ = ω(1).557

Let g denote the per-sample gradient, so that g(w) =
∑

i wigi represents the total gradient over558

removed samples. Following Koh et al.’s approach in Proposition 1, we apply the triangle inequality559

to bound560

∥g(w)∥2 ≤ ∥w∥1 max
i∈[n]

{∥gi∥2} = Θ(k
√
d) .

Altogether, the Koh et al. bound on the difference between the IF and the NS estimations for the 1st561

order change in f comes out to562

σmax

nλ

∥∥∥∇θf(θ̂(1))
∥∥∥
2
∥g(w)∥2 = ω

(
k
√
d

n

)
×
∥∥∥∇θf(θ̂(1))

∥∥∥
2

To get a sense for the scaling of this bound, as with the bound of Theorem 3.1, we compare it to the563

actual IF estimate to obtain an estimate of signal-to-noise-ratio between IF and its distance from NS564

SNR =
max∥w∥1≤k

{∣∣⟨∇θf,θ
IF
w − θw⟩

∣∣}
ErrNt-inf(w)

= Θ

(
λ

σmax

)
= o(1) .

Therefore, the guarantee of Koh et al. do not rule out the possibility of the difference between the565

NS estimate and the IF estimate completely dominating the removal effects even in simple scenarios566

(regardless of how k, d may scale with n).567
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B.2 Analysis of [GSL+19]568

B.2.1 Assumptions and Statement569

We now summarize the theoretical guarantees provided by Giordano et al., which underlie their570

infinitesimal jackknife approximation for estimating the effect of data perturbations.571

Assumption 5 (Smoothness; Assumption 1 of [GSL+19]). For all θ ∈ Ωθ, each gn(θ) is continuously572

differentiable in θ.573

Assumption 6 (Non-degeneracy; Assumption 2 of [GSL+19]). For all θ ∈ Ωθ, the Hessian H(θ,1w)574

is non-singular, with575

sup
θ∈Ωθ

∥∥H(θ,1w)
−1
∥∥

op ≤ Cop < ∞.

Assumption 7 (Bounded averages; Assumption 3 of [GSL+19]). There exist finite constants Cg and576

Ch such that577

sup
θ∈Ωθ

1√
N

∥g(θ)∥2 ≤ Cg and sup
θ∈Ωθ

1√
N

∥h(θ)∥2 ≤ Ch.

Assumption 8 (Local smoothness; Assumption 4 of [GSL+19]). There exists ∆θ > 0 and a finite578

constant Lh such that for all θ with ∥θ − θ̂1∥2 ≤ ∆θ,579

1√
N

∥∥∥h(θ)− h(θ̂1)
∥∥∥
2
≤ Lh

∥∥∥θ − θ̂1

∥∥∥
2
.

Assumption 9 (Bounded weight averages; Assumption 5 of [GSL+19]). The weighted norm580
1√
N
∥w∥2 is uniformly bounded for w ∈ W by a constant Cw < ∞.581

Condition 1 (Set complexity; Condition 1 of [GSL+19]). There exists a δ ≥ 0 and a corresponding582

subset Wδ ⊆ W such that:583

max
w∈Wδ

sup
θ∈Ωθ

∥∥∥∥∥ 1

N

N∑
n=1

(wn − 1)gn(θ)

∥∥∥∥∥
1

≤ δ, and max
w∈Wδ

sup
θ∈Ωθ

∥∥∥∥∥ 1

N

N∑
n=1

(wn − 1)hn(θ)

∥∥∥∥∥
1

≤ δ.

Definition 1 (Constants from Assumptions). Define584

CIJ := 1 +DCwLhCop, and ∆δ := min
{
∆θC

−1
op , 1

2C
−1
IJ C−1

op

}
.

Theorem B.2 (Error bound for the approximation; Theorem 1 of [GSL+19]). Under Assumptions 5–9,585

if δ ≤ ∆δ , then586

max
w∈Wδ

∥∥∥θ̂IJ(w)− θ̂(w)
∥∥∥
2
≤ 2C2

opCIJδ
2.

B.2.2 Analysis587

We now analyze the guarantees provided by Giordano et al. [GSL+19] in the context of our linear588

regression setting.589

In our setup with squared loss and a linear model, the first- and second-order statistics become:590

gi(θ) = xi(yi − ⟨xi, θ⟩), hi(θ) = xix
⊤
i .

Note that hi(θ) does not depend on θ, and thus the local smoothness constant Lh (Assumption 8) is591

zero. Further, the Hessian takes the form592

H(θ, w) =
1

n

n∑
i=1

wixix
⊤
i ,

so assuming the data is appropriately scaled, we expect the spectrum of its Hessian to be somewhat593

clustered and hence Cop = O(1) (Assumption 6).594

Assumption 7 requires bounds on ∥g(θ)∥2 and ∥h(θ)∥2. In general, linear regression does not595

admit uniform convergence over θ due to unbounded gradients as θ → ∞, but if we fix ∥θ∥ to a596

moderate scale by limiting the scope of Ωθ, we can reasonably assume that ∥gi(θ)∥2 ≈ σ
√
d, giving597

Cg ≈ σ
√
d = O(

√
d) and Ch ≈ d.598
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We now turn to Condition 1, which controls how large the weighted deviations can be. In particular,599

we focus on the second half of this condition, which requires that600

max
w∈Wδ

sup
θ∈Ωθ

∥∥∥∥∥ 1

N

N∑
n=1

(wn − 1)hn(θ)

∥∥∥∥∥
1

≤ δ .

When removing a set of k points (i.e., w = 1 − 1T ), the deviation includes k terms of magnitude601

∥hi(θ)∥1 ≈ d2, resulting in602 ∥∥∥∥ 1n∑(wi − 1)hi(θ)

∥∥∥∥
1

≈ kd2

n
.

The bound in Theorem B.2 requires this to be at most ∆δ = O(1), so we obtain the constraint:603

kd2

n
≲ 1 ⇒ k ≲

n

d2
.

This represents the main constraint required for Theorem B.2 to apply.604

Finally, recall that in the main result of Theorem B.2, the error is bounded by605

ErrIJ =
∥∥∥θ̂IJ(w)− θ̂(w)

∥∥∥
2
≲ C2

opCIJδ
2.

Given δ ≈ kd2

n , and Cop = CIJ = O(1), we conclude:606

ErrIJ ≲

(
kd2

n

)2

=
k2d4

n2
.

C Experimental Details607

We based our experimental design on that of Koh et al. [KATL19] who evaluate standard influence608

functions in a similar setting in order to have a clearer benchmark for comparison.609

C.1 Model Training610

We fit all the logistic regression models using the scipy.optimize.minimize function to train the611

model using L-BFGS-B, and set a very strict stopping criterion to ensure that we converge to the612

global optimum and suppress dependencies on the initial weights when using a warm-start retrain.613

For the DogFish and Enron datasets also considered by Koh et al., we used the same L2 regularization614

parameter, and for all new datasets, we set the regularization to 1E − 5.615

C.2 Removal Set Construction616

Similar to Koh et al., we evaluate our data attribution methods on removals of “correlated” sets of617

samples from every regression. We focus on relatively fewer sample removals, varying the number618

of samples linearly along the range from 0.1% to 5% of the training set. For each dataset and each619

group construction strategy, we select 40 such sets of samples (1 for each size).620

For each such size k, we construct removal sets of size k using the following strategies621

1. Clustered Samples: we construct sets of samples clustered either by a single feature or by622

L2 distance. When clustering by a single feature, for each set of samples to remove, we623

select a random sample i ∈ [n] and a random feature j ∈ [d], and output the k samples for624

which Xi′,j is closest to Xi,j . When clustering by L2 distance, we select the center sample625

i ∈ [n] uniformly at random and output the k samples closest to it in L2 norm.626

2. Top Percentile Samples: For each of the metrics, we construct a top-percentile set of samples627

of size k, by selecting first selecting the top 2k samples and outputting a random subset628

of half of them. We consider the metrics of: high positive / negative influence on test loss629

and high positive / negative influence on test predictions, both computed using the standard630

influence function to keep our benchmark comparable with that of Koh et al.631

3. Random Subsets: k samples selected uniformly at random.632
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C.3 Datasets and Embeddings633

We consider several classification tasks in this paper. For each, we extract features from a particular634

modality (vision, NLP, or audio), embed them into a d-dimensional representation using a frozen635

pretrained model, and train a logistic regression classifier on a relevant 2-class classification problem.636

For the Enron and DogFish datasets, we try to keep to the same conventions as Koh et al. [KATL19]637

for a clean comparison.638

ESC-50 embedded using OpenL3 ESC-50 is a dataset of ≈ 5 second audio clips each correspond-639

ing to one of 50 categories with 40 samples from each category [Pic15]. We convert this to a 2 class640

classification problem by dividing the categories into “natural” sounds (breathing, cat, cow, etc.) and641

“artificial” sounds (airplane, chainsaw, clapping etc.).642

We embed these audio samples using last-layer embeddings of the OpenL3 python library [CWSB19].643

This produces d = 512 dimensional embeddings, and we separate them into train and test samples644

using a random 80− 20 train-test split.645

CIFAR-2 embedded using ResNet-50 We consider 2 CIFAR-2 datasets generated by limiting the646

CIFAR-10 dataset [Kri09] to 2 classes (Cat vs Dog, and Automobile vs Truck).647

The photos from both train and test sets are embedded using the last-layer embeddings of the default648

pretrained ResNet-50 model in the torchvision python library [Tor16].649

DogFish embedded with Inception v3 We reproduce the DogFish dataset from Koh et650

al. [KATL19].651

This dataset contains photos of dogs and fish from the ImageNet dataset [RDS+15] embedded using652

frozen last-layer embeddings of the Inception v3 network [SVI+16].653

Enron embedded with Spacy We reproduce the Enron dataset from Koh et al. [KATL19].654

This NLP dataset consists of Spam vs Ham emails [MAP06] embedded using a bag-of-words655

embedding with the spacy python library using the “en_core_web_sm” dictionary. We note that our656

embeddings for the Enron dataset may differ slightly from those of Koh et al. [KATL19], likely due657

to version differences in the spacy library. However, our empirical results are consistent with theirs.658

IMDB embedded with BERT We consider the NLP IMDB sentiment analysis dataset consisting659

of 50000 movie reviews classified into positive and negative [MDP+11]. We embed the text reviews660

using the BERT model [DCLT19].661

C.4 Experiments662

An implementation of our experiments is attached to this submission and will be made publicly663

available through a github link in our camera ready version. This section aims to give a quick664

overview of the procedures followed in this code.665

C.4.1 Comparison of Influence and Actual Effect666

To produce Figure 1, we select sets of samples to remove based on the methods described in667

Appendix C.2. For each set of samples we retrain the logistic regression model without these samples668

to obtain the ground truth effect on the change in the metric f , and compare to the application of the669

same metric f to the models predicted by each of the data attribution techniques.670

Removal effect vs influence One minor distinction considered in the appendix of Koh et671

al. [KATL19] is between the influence on a metric and the “parameter influence” on a metric.672

They define the influence on a metric to be the inner product between the gradient of the metric and673

the estimated change in model parameters674

I inf
f,w = ⟨∇f,θinf

w − θ⟩ ,
and the parameter influence of a set of removals (which we simply call the “removal effect”) to be675

Iparam. inf.
f,w = f

(
θinf
w

)
− f (θ) .
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Figure 4: Accuracy of IF versus RIF compared across datasets from image classification (DogFish,
Cat vs Dog, Truck vs Automobile), natural language (Spam vs Ham), and audio (ESC-50). Each data-
point in this experiment is generated as its equivalent in Figure 1, except that instead of evaluating the
metric f (e.g., test-loss) on the retrained model or the data model prediction of the retrain effect, we
use the leading order Taylor approximation of the change in this metric. There is no major qualitative
difference between the results of this experiment and the ones reported in Figure 1, so we decided to
keep the original evaluation for a clearer apples-to-apples comparison.

We use the latter method to produce all the data points in Figures 1 and 2 (the metric considered in676

Figure 3 is linear so it is not affected by this distinction). However, similar to Koh et al., we observe677

very little effect to using the linear method instead.678

C.4.2 Varying n and λ679

In these experiments we repeated the same experimental procedure as the one used to generate680

Figure 1, but with varying levels of L2 regularization for the DogFish dataset and subsampling the681

IMDB dataset to different numbers of samples (via uniformly random draws). We report the effect of682

these removals on self-loss.683

C.4.3 Data Poisoning684

To ground our results we consider a particular application of data attribution for detecting data685

poisoning attacks. We consider the simple data poisoning attack, where an adversary trying to flip686

our models prediction on some test sample (selected uniformly at random) and adds this sample with687

a flipped label to the train set. We then run IF and RIF data attributions on the poisoned dataset and688

use them to predict the effect of the poisoned sample on its own logit (zi = ⟨θ,xi⟩) and compare this689

to the ground truth of a full retrain.690

C.5 Licensing of External Assets691

We summarize the license information for all datasets and pretrained models used in our experiments.692

All assets are cited in the main text.693
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Asset Source License Use / Notes
ESC-50 [Pic15] CC BY-NC

3.0
Freely available for non-commercial re-
search use

CIFAR-10 [Kri09] Not specified Widely used in academic settings; original
authors affiliated with U. of Toronto

ImageNet [RDS+15] Custom terms Access requires agreement to ImageNet’s
non-commercial license

Enron Spam [MAP06] Not specified Used under standard academic fair use;
available via public research repositories

IMDB Reviews [MDP+11] Not specified Publicly downloadable from Stanford AI
Lab; used for academic research

Table 2: License summary for datasets used in our experiments. All assets are cited and used in
accordance with their respective terms.

Model Version License Use / Notes
OpenL3 v0.4.2 MIT Permissive open-source license; commercial

use allowed
ResNet-50
(TorchVision)

v0.13.1 BSD 3-Clause Standard pretrained model from torchvision;
license is permissive, but pretrained weights
originate from ImageNet

Inception v3 — Apache 2.0 Model license is permissive; weights trained
on ImageNet, which restricts downstream use

spacy v3.8.2 MIT Freely usable model provided by spaCy; li-
cense allows commercial and academic use

BERT (Trans-
formers)

bert-base-
uncased
(v4.36.2)

Apache 2.0 Hugging Face model with permissive license;
trained on BookCorpus and Wikipedia which
may have unclear redistribution terms

Table 3: License summary for pretrained models and libraries. All tools are used under compatible
terms for non-commercial research.

Notes694

Assets without explicit licenses (e.g., CIFAR-10, Enron, IMDB) are used strictly for non-commercial695

research purposes. We do not redistribute any datasets or pretrained weights.696

NeurIPS Paper Checklist697

1. Claims698

Question: Do the main claims made in the abstract and introduction accurately reflect the699

paper’s contributions and scope?700

Answer: [Yes]701

Justification: We present the RIF method in Section 1.1. We compare IF and RIF and also702

present our data poisoning example in Section 2. Finally, we present a theoretical analysis703

of this comparison in Section 3.704

Guidelines:705

• The answer NA means that the abstract and introduction do not include the claims706

made in the paper.707

• The abstract and/or introduction should clearly state the claims made, including the708

contributions made in the paper and important assumptions and limitations. A No or709

NA answer to this question will not be perceived well by the reviewers.710
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• The claims made should match theoretical and experimental results, and reflect how711

much the results can be expected to generalize to other settings.712

• It is fine to include aspirational goals as motivation as long as it is clear that these goals713

are not attained by the paper.714

2. Limitations715

Question: Does the paper discuss the limitations of the work performed by the authors?716

Answer: [Yes]717

Justification: We discuss the limitations of our work in Section 5.718

Guidelines:719

• The answer NA means that the paper has no limitation while the answer No means that720

the paper has limitations, but those are not discussed in the paper.721

• The authors are encouraged to create a separate "Limitations" section in their paper.722

• The paper should point out any strong assumptions and how robust the results are to723

violations of these assumptions (e.g., independence assumptions, noiseless settings,724

model well-specification, asymptotic approximations only holding locally). The authors725

should reflect on how these assumptions might be violated in practice and what the726

implications would be.727

• The authors should reflect on the scope of the claims made, e.g., if the approach was728

only tested on a few datasets or with a few runs. In general, empirical results often729

depend on implicit assumptions, which should be articulated.730

• The authors should reflect on the factors that influence the performance of the approach.731

For example, a facial recognition algorithm may perform poorly when image resolution732

is low or images are taken in low lighting. Or a speech-to-text system might not be733

used reliably to provide closed captions for online lectures because it fails to handle734

technical jargon.735

• The authors should discuss the computational efficiency of the proposed algorithms736

and how they scale with dataset size.737

• If applicable, the authors should discuss possible limitations of their approach to738

address problems of privacy and fairness.739

• While the authors might fear that complete honesty about limitations might be used by740

reviewers as grounds for rejection, a worse outcome might be that reviewers discover741

limitations that aren’t acknowledged in the paper. The authors should use their best742

judgment and recognize that individual actions in favor of transparency play an impor-743

tant role in developing norms that preserve the integrity of the community. Reviewers744

will be specifically instructed to not penalize honesty concerning limitations.745

3. Theory assumptions and proofs746

Question: For each theoretical result, does the paper provide the full set of assumptions and747

a complete (and correct) proof?748

Answer: [Yes]749

Justification: Section 3 contains a full list of the assumptions needed for our main theoretical750

result (Theorem 3.1) as well as a detailed discussion of their meaning and the asymptotic751

scaling of our bounds in a simple setting. Due to space limitations, we moved the proofs of752

this theorem and its asymptotic analysis to the supplemental material.753

Guidelines:754

• The answer NA means that the paper does not include theoretical results.755

• All the theorems, formulas, and proofs in the paper should be numbered and cross-756

referenced.757

• All assumptions should be clearly stated or referenced in the statement of any theorems.758

• The proofs can either appear in the main paper or the supplemental material, but if759

they appear in the supplemental material, the authors are encouraged to provide a short760

proof sketch to provide intuition.761

• Inversely, any informal proof provided in the core of the paper should be complemented762

by formal proofs provided in appendix or supplemental material.763
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• Theorems and Lemmas that the proof relies upon should be properly referenced.764

4. Experimental result reproducibility765

Question: Does the paper fully disclose all the information needed to reproduce the main ex-766

perimental results of the paper to the extent that it affects the main claims and/or conclusions767

of the paper (regardless of whether the code and data are provided or not)?768

Answer: [Yes]769

Justification: In the supplemental material we give a detailed explanation of all of our770

experimental procedures and also include a library that can be used to reproduce all the771

figures and tables in our paper.772

Guidelines:773

• The answer NA means that the paper does not include experiments.774

• If the paper includes experiments, a No answer to this question will not be perceived775

well by the reviewers: Making the paper reproducible is important, regardless of776

whether the code and data are provided or not.777

• If the contribution is a dataset and/or model, the authors should describe the steps taken778

to make their results reproducible or verifiable.779

• Depending on the contribution, reproducibility can be accomplished in various ways.780

For example, if the contribution is a novel architecture, describing the architecture fully781

might suffice, or if the contribution is a specific model and empirical evaluation, it may782

be necessary to either make it possible for others to replicate the model with the same783

dataset, or provide access to the model. In general. releasing code and data is often784

one good way to accomplish this, but reproducibility can also be provided via detailed785

instructions for how to replicate the results, access to a hosted model (e.g., in the case786

of a large language model), releasing of a model checkpoint, or other means that are787

appropriate to the research performed.788

• While NeurIPS does not require releasing code, the conference does require all submis-789

sions to provide some reasonable avenue for reproducibility, which may depend on the790

nature of the contribution. For example791

(a) If the contribution is primarily a new algorithm, the paper should make it clear how792

to reproduce that algorithm.793

(b) If the contribution is primarily a new model architecture, the paper should describe794

the architecture clearly and fully.795

(c) If the contribution is a new model (e.g., a large language model), then there should796

either be a way to access this model for reproducing the results or a way to reproduce797

the model (e.g., with an open-source dataset or instructions for how to construct798

the dataset).799

(d) We recognize that reproducibility may be tricky in some cases, in which case800

authors are welcome to describe the particular way they provide for reproducibility.801

In the case of closed-source models, it may be that access to the model is limited in802

some way (e.g., to registered users), but it should be possible for other researchers803

to have some path to reproducing or verifying the results.804

5. Open access to data and code805

Question: Does the paper provide open access to the data and code, with sufficient instruc-806

tions to faithfully reproduce the main experimental results, as described in supplemental807

material?808

Answer: [Yes]809

Justification: In the supplemental material, we include a library that can be used to reproduce810

all the experimental results in our paper and we plan to include a link to a public git repository811

with the same library in the camera ready version of the paper.812

Guidelines:813

• The answer NA means that paper does not include experiments requiring code.814

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/815

public/guides/CodeSubmissionPolicy) for more details.816
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• While we encourage the release of code and data, we understand that this might not be817

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not818

including code, unless this is central to the contribution (e.g., for a new open-source819

benchmark).820

• The instructions should contain the exact command and environment needed to run to821

reproduce the results. See the NeurIPS code and data submission guidelines (https:822

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.823

• The authors should provide instructions on data access and preparation, including how824

to access the raw data, preprocessed data, intermediate data, and generated data, etc.825

• The authors should provide scripts to reproduce all experimental results for the new826

proposed method and baselines. If only a subset of experiments are reproducible, they827

should state which ones are omitted from the script and why.828

• At submission time, to preserve anonymity, the authors should release anonymized829

versions (if applicable).830

• Providing as much information as possible in supplemental material (appended to the831

paper) is recommended, but including URLs to data and code is permitted.832

6. Experimental setting/details833

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-834

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the835

results?836

Answer: [Yes]837

Justification: We give a high-level overview of our experimental procedures in Section 2838

and a more detailed explanation of all of our methods as well as an implementation of our839

experimental procedures in the supplemental material.840

Guidelines:841

• The answer NA means that the paper does not include experiments.842

• The experimental setting should be presented in the core of the paper to a level of detail843

that is necessary to appreciate the results and make sense of them.844

• The full details can be provided either with the code, in appendix, or as supplemental845

material.846

7. Experiment statistical significance847

Question: Does the paper report error bars suitably and correctly defined or other appropriate848

information about the statistical significance of the experiments?849

Answer: [No]850

Justification: None of the experiments reported in the paper require error bars, as all of the851

reported datapoints are computed exactly.852

Guidelines:853

• The answer NA means that the paper does not include experiments.854

• The authors should answer "Yes" if the results are accompanied by error bars, confi-855

dence intervals, or statistical significance tests, at least for the experiments that support856

the main claims of the paper.857

• The factors of variability that the error bars are capturing should be clearly stated (for858

example, train/test split, initialization, random drawing of some parameter, or overall859

run with given experimental conditions).860

• The method for calculating the error bars should be explained (closed form formula,861

call to a library function, bootstrap, etc.)862

• The assumptions made should be given (e.g., Normally distributed errors).863

• It should be clear whether the error bar is the standard deviation or the standard error864

of the mean.865

• It is OK to report 1-sigma error bars, but one should state it. The authors should866

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis867

of Normality of errors is not verified.868
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• For asymmetric distributions, the authors should be careful not to show in tables or869

figures symmetric error bars that would yield results that are out of range (e.g. negative870

error rates).871

• If error bars are reported in tables or plots, The authors should explain in the text how872

they were calculated and reference the corresponding figures or tables in the text.873

8. Experiments compute resources874

Question: For each experiment, does the paper provide sufficient information on the com-875

puter resources (type of compute workers, memory, time of execution) needed to reproduce876

the experiments?877

Answer: [Yes]878

Justification: We include a paragraph detailing the compute resources used for our experi-879

ments at the end of the main text of our submission.880

Guidelines:881

• The answer NA means that the paper does not include experiments.882

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,883

or cloud provider, including relevant memory and storage.884

• The paper should provide the amount of compute required for each of the individual885

experimental runs as well as estimate the total compute.886

• The paper should disclose whether the full research project required more compute887

than the experiments reported in the paper (e.g., preliminary or failed experiments that888

didn’t make it into the paper).889

9. Code of ethics890

Question: Does the research conducted in the paper conform, in every respect, with the891

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?892

Answer: [Yes]893

Justification:894

Guidelines:895

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.896

• If the authors answer No, they should explain the special circumstances that require a897

deviation from the Code of Ethics.898

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-899

eration due to laws or regulations in their jurisdiction).900

10. Broader impacts901

Question: Does the paper discuss both potential positive societal impacts and negative902

societal impacts of the work performed?903

Answer: [No]904

Justification: Our submission is purely foundational and to the best of our knowledge there905

is no clear path to any negative applications.906

Guidelines:907

• The answer NA means that there is no societal impact of the work performed.908

• If the authors answer NA or No, they should explain why their work has no societal909

impact or why the paper does not address societal impact.910

• Examples of negative societal impacts include potential malicious or unintended uses911

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations912

(e.g., deployment of technologies that could make decisions that unfairly impact specific913

groups), privacy considerations, and security considerations.914

• The conference expects that many papers will be foundational research and not tied915

to particular applications, let alone deployments. However, if there is a direct path to916

any negative applications, the authors should point it out. For example, it is legitimate917

to point out that an improvement in the quality of generative models could be used to918

generate deepfakes for disinformation. On the other hand, it is not needed to point out919

that a generic algorithm for optimizing neural networks could enable people to train920

models that generate Deepfakes faster.921
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• The authors should consider possible harms that could arise when the technology is922

being used as intended and functioning correctly, harms that could arise when the923

technology is being used as intended but gives incorrect results, and harms following924

from (intentional or unintentional) misuse of the technology.925

• If there are negative societal impacts, the authors could also discuss possible mitigation926

strategies (e.g., gated release of models, providing defenses in addition to attacks,927

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from928

feedback over time, improving the efficiency and accessibility of ML).929

11. Safeguards930

Question: Does the paper describe safeguards that have been put in place for responsible931

release of data or models that have a high risk for misuse (e.g., pretrained language models,932

image generators, or scraped datasets)?933

Answer: [NA]934

Justification: Our submission uses only existing public datasets and models.935

Guidelines:936

• The answer NA means that the paper poses no such risks.937

• Released models that have a high risk for misuse or dual-use should be released with938

necessary safeguards to allow for controlled use of the model, for example by requiring939

that users adhere to usage guidelines or restrictions to access the model or implementing940

safety filters.941

• Datasets that have been scraped from the Internet could pose safety risks. The authors942

should describe how they avoided releasing unsafe images.943

• We recognize that providing effective safeguards is challenging, and many papers do944

not require this, but we encourage authors to take this into account and make a best945

faith effort.946

12. Licenses for existing assets947

Question: Are the creators or original owners of assets (e.g., code, data, models), used in948

the paper, properly credited and are the license and terms of use explicitly mentioned and949

properly respected?950

Answer: [Yes]951

Justification: Our submission utilizes some existing datasets and pretrained embeddings.952

We cite the relevant sources in the main text and give additional details on licensing in the953

supplemental material.954

Guidelines:955

• The answer NA means that the paper does not use existing assets.956

• The authors should cite the original paper that produced the code package or dataset.957

• The authors should state which version of the asset is used and, if possible, include a958

URL.959

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.960

• For scraped data from a particular source (e.g., website), the copyright and terms of961

service of that source should be provided.962

• If assets are released, the license, copyright information, and terms of use in the963

package should be provided. For popular datasets, paperswithcode.com/datasets964

has curated licenses for some datasets. Their licensing guide can help determine the965

license of a dataset.966

• For existing datasets that are re-packaged, both the original license and the license of967

the derived asset (if it has changed) should be provided.968

• If this information is not available online, the authors are encouraged to reach out to969

the asset’s creators.970

13. New assets971

Question: Are new assets introduced in the paper well documented and is the documentation972

provided alongside the assets?973
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Answer: [NA]974

Justification: The paper does not release new assets.975

Guidelines:976

• The answer NA means that the paper does not release new assets.977

• Researchers should communicate the details of the dataset/code/model as part of their978

submissions via structured templates. This includes details about training, license,979

limitations, etc.980

• The paper should discuss whether and how consent was obtained from people whose981

asset is used.982

• At submission time, remember to anonymize your assets (if applicable). You can either983

create an anonymized URL or include an anonymized zip file.984

14. Crowdsourcing and research with human subjects985

Question: For crowdsourcing experiments and research with human subjects, does the paper986

include the full text of instructions given to participants and screenshots, if applicable, as987

well as details about compensation (if any)?988

Answer: [NA]989

Justification: The paper does not involve crowdsourcing nor research with human subjects.990

Guidelines:991

• The answer NA means that the paper does not involve crowdsourcing nor research with992

human subjects.993

• Including this information in the supplemental material is fine, but if the main contribu-994

tion of the paper involves human subjects, then as much detail as possible should be995

included in the main paper.996

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,997

or other labor should be paid at least the minimum wage in the country of the data998

collector.999

15. Institutional review board (IRB) approvals or equivalent for research with human1000

subjects1001

Question: Does the paper describe potential risks incurred by study participants, whether1002

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1003

approvals (or an equivalent approval/review based on the requirements of your country or1004

institution) were obtained?1005

Answer: [NA]1006

Justification: The paper does not involve crowdsourcing nor research with human subjects.1007

Guidelines:1008

• The answer NA means that the paper does not involve crowdsourcing nor research with1009

human subjects.1010

• Depending on the country in which research is conducted, IRB approval (or equivalent)1011

may be required for any human subjects research. If you obtained IRB approval, you1012

should clearly state this in the paper.1013

• We recognize that the procedures for this may vary significantly between institutions1014

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1015

guidelines for their institution.1016

• For initial submissions, do not include any information that would break anonymity (if1017

applicable), such as the institution conducting the review.1018

16. Declaration of LLM usage1019

Question: Does the paper describe the usage of LLMs if it is an important, original, or1020

non-standard component of the core methods in this research? Note that if the LLM is used1021

only for writing, editing, or formatting purposes and does not impact the core methodology,1022

scientific rigorousness, or originality of the research, declaration is not required.1023

Answer: [NA]1024
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Justification: The core method development in this research does not involve LLMs as any1025

important, original, or non-standard components.1026

Guidelines:1027

• The answer NA means that the core method development in this research does not1028

involve LLMs as any important, original, or non-standard components.1029

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1030

for what should or should not be described.1031
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